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ABSTRACT 
This paper presents a numerical study of a subthreshold signal 

enhancement in a Van der Pol-Duffing oscillator, via the phenomenon 

of vibrational resonance. The oscillator describes a particle motion in 

a bistable periodic potential, influenced by space-dependent damping 

and excited by an external bichromatic excitation. Temporal and 

spectral analyses approaches were employed to analyze the system 

response. The analyses revealed that the input low frequency signal is 

enhanced when the amplitude of high frequency perturbation tuned to 

an intermediate value. This result is also highlighted in the linear 

response analysis for fixed value of the damping amplitude. Moreover, 

the damping amplitude is found to control the system’s response. 

However, the best response 𝑄 = 7.01557is achieved for an 

intermediate value of the damping amplitude 𝛾 = 0.05. 

 

1. INTRODUCTION 

The fascinating ubiquitous nature of 

nonlinear systems has drawn the interest of 

many researchers for decades. 

Consequently, diverse dynamical 

properties have been examined 

theoretically, numerically and 

experimentally in nonlinear systems. 

Among the most investigated dynamical 

behaviors is undoubtedly resonance-

induced phenomena which include; chaotic 

resonance [1], coherence resonance [2-6], 

stochastic resonance [7]-[13], vibrational 

resonance [14-18] and ghost resonance 

[17], [19]-[22], to mention few. Among the 

resonance-induced behaviors in nonlinear 

systems, more attention has been devoted to 

the famous Stochastic Resonance (SR) and 

Vibrational Resonance (VR).  

 

Stochastic Resonance (SR) is a noise-

induced phenomenon where the detection 

of a low- frequency input signal at the 

output of nonlinear system is improved due 

to the presence of noise perturbation. SR 

phenomenon has been investigated by 

researchers from different fields for more 

than three decades now, and it has been 

reported to have a lot of applications in 

signal detection [23], [24], image 

perception [25], [26] and 

signal/information transmission [27], [28]. 

On the other hand, the ultimate VR, unlike 

SR, is deterministic. Nonlinear systems 

improve their output response at the low 

frequency due to presence of high 

frequency perturbation. VR is deterministic 

and easy to handle unlike SR which is 

stochastic. Since its first discovery by 

Landa and McClintock in bistable systems 
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[14], Vibrational Resonance (VR) has been 

investigated in many systems and in 

different context [29]-[33]. 

 

Recently, VR has been investigated in 

different mechanical models. Particularly, 

the impact of positions and shapes of the 

potential well on VR occurrence has been 

investigated [34], [35]. Moreover, the 

effects of the nature of damping and the 

damping parameters on VR occurrence 

have been investigated in many mechanical 

systems [36], [37]. However, few research 

works focused on the impact of space-

dependent damping parameters on VR 

occurrence [31, 38]. T. O. Roy-Layinde et 

al [31] and B. I. Usama et al [38] have 

investigated the effect of space-dependent 

damping parameters on VR occurrence in a 

harmonic oscillator. Their studies both 

reported that, the parameters of the space-

dependent damping can be used to control 

the system’s response and also to enhance 

its performance. In this paper, the impact of 

damping parameter on VR occurrence in a 

space-dependent damped Van der Pol-

Duffing oscillator was investigated and to 

the best of our knowledge has not been 

investigated by any researcher. 

 

The rest of the article is arranged as 

follows: section 2 introduced detailed 

model of the system, section 3 provides 

detailed methodology of the research, 

section 4 studied response of the system by 

using temporal, spectral and linear response 

analyses, and section 5 concludes the 

finding of the research. 

 

2. THE MODEL 

The system considered in this work is a 

variant of Van der Pol-Duffing oscillator 

which models the motion of a single 

particle of mass 𝑚 in a bistable potential 

well Φ(𝑥), damped by a space-dependent 

periodic force and driven by an external 

bichromatic excitation 𝑒(𝑡).  

𝑚
𝑑2𝑥

𝑑𝑡2
+
𝑑Φ(𝑥)

𝑑𝑥
+ 𝛾(𝑥)

𝑑x

𝑑𝑡
= 𝑒(𝑡) (1) 

  

The bistable potential Φ(𝑥) is defined by 

the relation 

Φ(𝑥) =
𝛼

4
𝑥4 −

1

2
𝜔0
2𝑥2 (2) 

  

where the parameters 𝛼 and 𝜔0 adjust the 

width and potential barrier. Figure 1 depicts 

the system’s potential for 𝛼 = 0.19 and 

𝜔0 = 1. The particle has two equilibrium 

positions located at 𝑥 = −2.29 and 𝑥 =
+2.29 for the given parameter set. For the 

particle to jump from one equilibrium 

position to the other it has overcome the 

potential barrier ∆Φ. 

 

 
Fig. 1: The system’s bistable potential 

defined by equation (2) for α=0.19 and 

ω0=1. 

The system is damped with a parametrically 

excited damping. The parametric damping 

coefficient 𝛾(𝑥) is defined as; 

𝛾(𝑥) = 𝛾(1 + ℎ cos𝜔𝑝𝑥)(𝑥
2 − 1) (3)  

 

The damping coefficient is periodic with 

amplitude ℎ and frequency 𝜔𝑝. The 

parameter  𝛾 is the whole amplitude of the 

damping which if set to zero, the system 

becomes undamped. Somnath Roy et al 

[39] considered this model defined by 
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equation (1), but with time-dependent 

damping, equation (1) becomes: 𝛾(𝒕) =
𝛾(1 + ℎ cos𝜔𝑝𝒕)(𝑥

2 − 1) to control the 

occurrence of subharmonic resonance and 

chaos.  

 

Lastly, the system is excited by two set of 

signals; low frequency signal (𝐹 cos𝜔𝑡) 
mixed with a high frequency perturbation 
(𝐺 cosΩ𝑡). The excitation 𝑒(𝑡) is given as; 

𝑒(𝑡) = 𝐹 cos𝜔𝑡 + 𝐺 cosΩ𝑡 (4) 

 

Thus, the complete model of the system can 

be rewritten as; 

𝑚
𝑑2𝑥

𝑑𝑡2
+ ( 𝛼𝑥3 − 𝜔0

2𝑥 ) + (  𝛾(1 +  ℎ cos𝜔𝑝𝑥)(𝑥
2 −

1) )
𝑑x

𝑑𝑡
= 𝐹 cos𝜔𝑡 + 𝐺 cosΩ𝑡       (5) 

 

3. METHODOLOGY 

In this article, fourth order Runge-Kutta 

algorithm is employed in MATLAB to 

numerically integrate the system defined by 

equation (5). This is done by first 

converting our system defined by equation 

(5) into set of two first order differential 

equations; 

{
 
 

 
 
𝑑𝑥

𝑑𝑡
= 𝑦,                                                                                   

 

 
𝑑𝑦

𝑑𝑡
=
(−

𝑑Φ(𝑥)

𝑑𝑥
− 𝛾(𝑥)𝑦 + 𝐹 cos𝜔𝑡 + 𝐺 cosΩ𝑡)

𝑚
⁄

      (6) 

 

Runge-Kutta algorithm with 2000 low 

frequency drive cycles, 222 total number of 

samples and step size 𝑑𝑡 = (
2000

222
)
2𝜋

𝜔
 is 

considered. The corresponding spectral 

resolution is therefore 𝑑𝑓 =
1

𝑁𝑑𝑡
. The 

simulation result is basically the output 

signal 𝑥(𝑡) obtained for a range of time 𝑡. 
The corresponding output spectra 𝑋(𝑓) is 

obtained by computing the Fast Fourier 

Transform (FFT) of the output signal 𝑥(𝑡) 
𝑋(𝑓) = 𝑓𝑓𝑡(𝑥(𝑡))  (7) 

 

The output spectra obtained from 

MATLAB software is bilateral and 

complex therefore, the required unilateral 

magnitude spectrum is 2|𝑋(𝑓)|. The output 

unilateral magnitude spectra 2|𝑋(𝑓)| 

contain both the low frequency 
𝜔

2𝜋
 and the 

high frequency 
Ω

2𝜋
 magnitude spectrum. The 

computed output signal 𝑥(𝑡) and the 

unilateral magnitude spectra 2|𝑋(𝑓)| are 

used for our temporal and spectral analyses 

of VR effect respectively. 

 

Our analyses in this communication mainly 

focused on how the input low frequency 

signal (𝐹 cos𝜔𝑡) is enhanced at the system 

output due to presence of high frequency 

perturbation (𝐺 cosΩ𝑡). This is studied in 

the subsequent sections using temporal, 

spectral, and linear response analyses. 

Linear response, normally parameterized as 

𝑄 [14], allows to directly observe how the 

low frequency signal is enhanced by the 

high frequency perturbation. Linear 

response 𝑄 is the ratio of the absolute value 

of the unilateral magnitude spectrum 

2|𝑋(𝑓)|  at the low frequency 𝑓𝐿𝑓 =
𝜔

2𝜋
.to 

the amplitude of the low frequency signal 𝐹 

𝑄 =
2|𝑋(𝑓𝐿𝑓)|

𝐹
   (8) 

 

Throughout this article, unless otherwise 

stated, the parameter setting is maintained 

as: 𝑚 = 1, 𝛼 = 0.19, 𝜔0 = 1, 𝛾 =
0.15, ℎ = 2.0, 𝜔𝑝 = 2.0, Ω = 10 as used 

by S. Roy et al [39] in the same model to 

control subharmonic resonance and chaos. 

Moreover, the low frequency signal 

parameters are fixed to 𝐹 = 0.1 and 𝜔 = 1. 

This setup ensured that the low frequency 

signal (𝐹 cos𝜔𝑡) is subthreshold.  

 

4. RESPONSE OF THE SYSTEM 

This section analyses the response of the 

system to understand how it encodes low 

frequency signal in the presence of high 

frequency perturbation. The analyses 

conducted are mainly temporal and 
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spectral. However, the spectral response is 

also quantized to better understand the 

system. Moreover, we studied how the 

response of the system is controlled by the 

damping amplitude 𝛾. 

 

4.1. Temporal Analysis 

In this section, we study by means of 

temporal analysis, how the input low 

frequency signal 𝐹 cos𝜔𝑡 is enhanced at 

the system output when the perturbation 

amplitude 𝐺 varies. Fig. 2 shows the 

temporal response of the system for three 

different values of the perturbation 

amplitude 𝐺. The output signal 𝑥(𝑡) 
depicted in each case of Fig. 2 constitutes a 

low frequency signal and high frequency 

perturbation. The low frequency signal is 

represented by the slow oscillations 

(envelope) while the high frequency signal 

is represented by the fast oscillations in 

each case the temporal response of Fig. 2.     

 

For weak perturbation amplitude 𝐺 = 20 

depicted in Fig. 2(a), there is weak low 

frequency contribution in the output signal. 

Also, for an intermediate value of 

perturbation amplitude 𝐺 = 250 presented 

in Fig. 2(b), there is strong low frequency 

contribution in the output signal. However, 

for a larger value of perturbation amplitude 

𝐺 = 450 depicted in Fig. 2(c), the low 

frequency contribution in the output signal 

becomes weak again. Indeed, The best 

system response is achieved when the 

perturbation amplitude is tuned to an 

intermediate value of 𝐺 = 250. This is 

signifies the VR effect existence in the 

system. 

 
Fig. 2: Temporal response of the system for 

three values of perturbation amplitude G; 

(a) G=20, (b) G=250, (c) G=450.  

 

4.2. Spectral Analysis 

The temporal analyses demonstration of 

VR presented Fig. 2 can be equally 

represented using spectral analyses which 

provide the better view of VR effect. The 

unilateral magnitude spectrum 2|𝑋(𝑓)| is 

obtained from the output signal 𝑥(𝑡). The 

unilateral spectra constitute of low 

frequency spectrum and high frequency 

spectrum but for convenience, we presented 

the spectra with the zoom only near the low 

frequency 
𝜔

2𝜋
. Depicted in Fig. 3 is the 

unilateral magnitude spectrum with the 

zoom near the low frequency 
𝜔

2𝜋
 for three 

different values of the perturbation 

amplitude 𝐺.  

 

For weak perturbation amplitude 𝐺 = 20 

depicted in Fig. 3(a), there is weak 

magnitude spectrum at the low frequency 

2|𝑋(𝑓𝐿𝑓)|. Also, for an intermediate value 

of perturbation amplitude 𝐺 = 250 

presented in Fig. 3(b), there is strong 

magnitude spectrum at the low frequency 

2|𝑋(𝑓𝐿𝑓)|. However, for larger value of the 

perturbation amplitude 𝐺 = 450 depicted 

in Fig. 2(c), the magnitude spectrum at the 

low frequency 2|𝑋(𝑓𝐿𝑓)| becomes weak 

again. Indeed, the best system response 
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2|𝑋(𝑓𝐿𝑓)| = 0.353677 is achieved when 

the perturbation amplitude is tuned to an 

intermediate value of 𝐺 = 250. This 

signifies the VR effect existence in the 

system. 

 
Fig. 3: Spectral response of the system for 

three values of perturbation amplitude G; 

(a) G=20, (b) G=250, (c) G=450. 
 

4.3. Quantification of VR Effect 

The temporal and spectral analyses 

revealed VR effect however; the VR 

phenomenon is best understood by 

quantifying the spectral response 

2|𝑋(𝑓𝐿𝑓)|. In this section, we quantify VR 

effect by computing the linear response 𝑄 

to directly visualize how the low frequency 

signal is enhanced by varying the 

perturbation amplitude 𝐺. Linear response 

𝑄 is computed as the ratio of the absolute 

value of the unilateral magnitude spectrum 

2|𝑋(𝑓𝐿𝑓)| at the low frequency 𝑓𝐿𝑓 =
𝜔

2𝜋
 to 

the amplitude of the low frequency 𝐹 as 

given by equation (8). 

 

Fig. 4 depicts the linear response 𝑄 as a 

function of the perturbation amplitude 𝐺. It 

can be observed that; varying the 

perturbation amplitude 𝐺, the system 

revealed two resonances with the last 

resonance as maximum 𝑄 = 3.5377 which 

is achieved for an intermediate value of the 

perturbation amplitude G. The response of 

the system is reduced for larger 

perturbation amplitude beyond the 

intermediate value. The two resonances 

revealed by the system may be directly 

connected with the two potential wells 

through which the particle attains 

equilibrium positions. Many studies of VR 

revealed this kind of typical behavior and it 

normally attributed to the potential wells. In 

fact, Usama et al [38] also observed 

multiple resonances in a study of VR in 

mechanical oscillator with multistable 

potential wells. 

 
Fig. 4: Linear response Q versus 

perturbation amplitude G for fixed value of 

damping amplitude γ=0.15. Parameters 

setting: m=1, α=0.19, ω0=1, h=2.0, ωp=2.0, 

F=0.1, ω=1, Ω=10. 
 

4.4. Control of VR by Damping 

Amplitude 

In most studies of VR in mechanical 

systems, VR is controlled by the damping 

parameters. In the particular model we 

consider in this paper, we study how 

damping amplitude 𝛾 controls the response 

of the system.  

 

Presented in Fig. 5 is the linear response 𝑄 

as a function of the perturbation amplitude 

𝐺 for different value of the damping 

amplitude 𝛾. Varying the perturbation 

amplitude 𝐺, the system revealed two 
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resonances for each value of the damping 

amplitude 𝛾. In each case, the second 

resonance is the global maximum which is 

achieved for intermediate perturbation 

amplitude 𝐺. The response of the system is 

reduced when the perturbation amplitude is 

further increased beyond the intermediate 

value. Moreover, varying the damping 

amplitude 𝛾 enhances the system’s 

responses but the best response 𝑄 =
7.01557 is achieved when damping 

amplitude is tuned to an intermediate 𝛾 =
0.05. 

 

 
Fig. 5: Linear response Q versus 

perturbation amplitude G for different 

values of damping amplitude γ. Parameters 

setting: m=1, α=0.19, ω0=1, h=2.0, ωp=2.0, 

F=0.1, ω=1, Ω=10. 

The case 𝛾 = 0 corresponds to the case 

when the system is undamped. The 

response of the undamped system is the 

minimum response as can be seen from Fig. 

5 (with * marker). However, introducing 

the damping enhances the system’s 

response and the best response is achieved 

for an intermediate perturbation 𝛾 = 0.05 

beyond which the system response reduces 

again. 

  

5. CONCLUSION 

This paper studied subthreshold signal 

enhancement in a Van der Pol-Duffing 

oscillator which basically models the 

motion of a single particle of unit mass in a 

bistable potential well, experiencing a 

space-dependent and periodic damping 

force and driven by an external bichromatic 

excitation. VR occurrence in the system 

using temporal and spectral analyses is 

highlighted. Also, VR effect is highlighted 

using linear response for a fixed value of 

the perturbation amplitude. Moreover, the 

control of VR by the constant damping 

amplitude 𝛾 is also studied. 

 

Indeed, both the temporal and spectral 

analyses confirmed the occurrence of VR 

effect in the system. That is, these analyses 

both depicted how an input low frequency 

signal is enhanced at the system output due 

to presence of an intermediate high 

frequency perturbation. Similarly, the 

linear response analysis for a fixed value of 

the damping amplitude highlighted how 

varying the perturbation amplitude to an 

intermediate value of 𝛾 = 0.05 enhances 

the detection of the low frequency signal to 

𝑄 = 7.01557 instead of 𝑄 = 3.5377 

achieved for 𝛾 = 0.15. Moreover the study 

of the effect of damping amplitude on VR 

effect has shown that the best system 

response is achieve for an intermediate 

damping amplitude 𝛾.     
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